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Abstract. Though atoms and quantum dots typically contain a comparable number of electrons, the num-
ber of discrete levels resolved in spectroscopy experiments is very different for the two systems. In atoms,
hundreds of levels are observed while in quantum dots that number is usually smaller than 10. In the
present work, this difference is traced to the different confining potentials in these systems. In atoms, the
soft confining potential leads to large spatial extent of the excited electron’s wave function and hence to
weak Coulomb interaction with the rest of the atomic electrons. The resulting level broadening is smaller
than the single particle level spacing and decreases as the excitation energy is increased. In quantum dots,
on the other hand, the sharp confining potential results in electron-electron scattering rates that grow
rapidly with energy and fairly quickly exceed the approximately constant single particle level spacing. The
number of discrete levels in quantum dots is hence limited by electron-electron interaction, whose effect is
negligible in atoms.

PACS. 72.20.Dp General theory, scattering mechanisms – 71.10.-w Theories and models of many electron
systems – 31.10.+z Theory of electronic structure, electronic transitions, and chemical binding

1 Introduction

This work compares the effect of electron-electron (e-e)
interaction on the spectrum of atoms and quantum dots
(QDs). It is motivated by the observation that although a
large atom and a QD may contain a comparable number of
electrons, their spectral characteristics are very different.
In QDs, level broadening due to e-e interaction severely
limits the number of observable discrete single particle ex-
citations. In atoms on the other hand, hundreds of spectral
lines have been measured and tabulated. Level widths are
mainly due to electron-photon interaction, while the effect
of e-e interaction is negligible. This work elucidates what
differences between atoms and QDs account for their dis-
tinct spectral characteristics with respect to e-e lifetime.

Atoms and QDs both contain a comparable number
of interacting electrons in a confined volume, while dif-
fering in size, symmetry and confining potential. QDs are
typically larger, possess no particular symmetry, and are
confined by a sharper potential. We find the difference in
the spectral characteristics of these two systems is primar-
ily due to the effect of the different confining potentials on
e-e interaction.

? The subject of the present paper was posed by the late
Arkadi Aronov in the form of the following question “What is
the difference between an uranium atom and a quantum dot?”
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We focus on single particle excitations in which one
electron is excited to a weakly bound state, while the other
electrons remain in their ground state configuration. We
define a perturbation Hamiltonian corresponding to the
residual interaction between the excited electron and the
other electrons, and use second order perturbation theory
to estimate e-e lifetimes. The effect of e-e interaction on
the atomic spectrum is found to depend on the number
of valence electrons. Alkali atoms, with a single valence
electron, suffer no broadening. In complex atoms, single
particle excitations may acquire a finite width. However,
this width is smaller than the single particle level spac-
ing and therefore does not limit the number of discrete
single particle excitations. Interestingly, we find that e-e
scattering rates in complex atoms decrease with increasing
excitation energy.

QDs exhibit different behavior. Level broadening due
to e-e interaction limits the number of observable single
particle excitations. For example, Sivan et al. [1] were able
to resolve only ∼ 10 discrete levels in the excitation spec-
trum of a diffusive QD containing about 4000 electrons.
Theoretical results [2] indicate that the number of observ-
able discrete levels in the spectrum of a QD, i.e. the num-
ber of levels for which the e-e broadening is smaller than
the single particle level spacing, is relatively small. In ad-
dition, e-e scattering rates in QDs are found to increase
with excitation energy in a Fermi-liquid-like behavior.
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The different effect of e-e interaction in complex atoms
and QDs can be qualitatively understood in the following
way. The scattering rate is proportional to the residual
interaction matrix element squared times the density of
final states. In QDs, due to the sharp confining poten-
tial, the matrix elements are on the average only weakly
dependent on energy. The density of final states is pro-
portional to the excitation energy squared. The resulting
scattering rates grow with energy and eventually exceed
the fairly constant single particle level spacing. In com-
plex atoms, due to the shallow confining potential, the
radius of the excited electron’s orbit grows rapidly with
energy leading to suppressed matrix elements and dimin-
ishing e-e scattering rates. The decrease of e-e scattering
rates with increasing excitation energy is in sharp contrast
to the corresponding trend in QDs and Fermi liquids. The
hydrogen-like single particle level spacing also decreases
with energy, but slower than the scattering rates. Conse-
quently, in complex atoms, unlike QDs, the discrete nature
of the spectrum is preserved.

The outline of this paper is as follows. In Section 2
we define e-e lifetime of a single particle excitation and
discuss its meaning in a finite system. We consider in par-
ticular the manifestation of e-e lifetime in a spectroscopic
measurement. In Section 3 we estimate the e-e lifetime of
single particle excitation in atoms using well established
atomic theory. We distinguish between alkali atoms and
complex atoms. In Section 4 we review known results for
e-e lifetime in QDs. Finally, in Section 5 we compare the
results concerning e-e lifetime in atoms and in QDs.

2 Electron-electron lifetime
and its manifestation in the measured
spectrum

Consider an isolated, N -electron system in its ground
state, |g.s.〉, and an excited state,

|Ψ(t = 0)〉 = c†icj |g.s.〉, (1)

where c†i and cj are single particle creation and annihila-
tion operators respectively. The e-e lifetime, denoted by
τee, is defined as the decay time of the initial state,

|〈Ψ(t)|Ψ(t = 0)〉|2 ∼ e−
t
τee . (2)

This analysis assumes zero temperature. Generalization to
finite temperature is straightforward.

The meaning of e-e lifetime in a system characterized
by a discrete energy spectrum, such as an atom below
the ionization threshold or a QD, should be clarified. Let
{|ψα〉} be a basis of exact eigenstates of the system with
energies {Eα}. The initial state can be expressed as a su-
perposition of these eigenstates,

|Ψ(t = 0)〉 = c†icj |g.s.〉 =
∑
α

λα|ψα〉 (3)∑
α

|λα|2 = 1.

The probability to remain in the initial state at time t is,

|〈Ψ(t = 0)|Ψ(t)〉|2 =

∣∣∣∣∣∑
α

|λα|2eiEαt/~

∣∣∣∣∣
2

. (4)

Strictly speaking, as opposed to the case of a continuous
spectrum, here there is no decay of the probability to re-
main in the initial state. This probability oscillates, and
for long enough times it can get arbitrarily close to 1 (it
can return exactly to 1 if the energy spectrum is commen-
surate). Nevertheless, as the number of dominant terms in
(3) increases, the time it takes for the initial state to re-
construct becomes extremely long. On shorter time scales,
which are our focus here, the probability effectively decays
exponentially with time. Consequently, we define the e-e
lifetime in a finite system as in (2), keeping in mind the
restriction on the time scales (t, τee � reconstruction time
of the initial state).

The full interacting Hamiltonian H is divided into an
unperturbed Hamiltonian H0, which may include part of
the e-e interaction (for example, the Hartree or Hartree-
Fock part), and a perturbation Hamiltonian Hint which
includes the rest of the e-e interaction. Following [4], we
arrange the eigenstates of the unperturbed Hamiltonian
H0 in the form of a hierarchal tree emanating from the
ground state of H0. The first generation includes all eigen-
states ofH0 which are coupled byHint to the ground state,
in particular single particle excitations (as in (1)) are in-
cluded. Each generation includes all eigenstates of H0 not
already incorporated in the tree which are connected by
non-vanishing interaction matrix elements to the previous
generation. The problem of e-e lifetime of single particle
excitations can be mapped on the problem of Anderson
localization on the hierarchal tree, described by a Hamil-
tonian HA. Each eigenstate of H0 is a site in the hier-
archal tree with an on-site energy equal to its eigenen-
ergy. The hopping amplitude between two sites is given
by the corresponding residual interaction matrix element.
The single particle spectrum of HA on the hierarchal tree
is equivalent to the many-body spectrum of H. An exci-
tation of the type (1) corresponds to a single site on the
lattice. The time evolution of this site is determined by its
overlap with exact eigenstates of HA. An overlap of this
site with extended states leads to exponential decay, while
overlap limited to localized states leads to beating of few
frequencies.

We now turn to discuss how e-e lifetime of single
particle excitations is manifested in the measured many-
electron spectrum of a quantum dot or an atom. A finite,
isolated, Fermi system has discrete energy levels of zero
width, which correspond to exact many-body eigenstates
of the system. A spectroscopic measurement involves cou-
pling the system to some external measuring device. Typ-
ically, the measurement operators are single electron ones.
As a result, only many-body eigenstates with finite over-
lap with single particle excitations can be detected.

Consider a specific example, an optical absorption ex-
periment on a many-electron system in its ground state
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|g.s.〉. The measurement operator in this case is given by,

O =
∑
i,j

λijc
†
i cj + h.c. , (5)

where λij are coefficients (including matrix elements of
photon operators) determining the strength of the cou-
pling to various single particle excitations. The absorption
of the system is characterized by the spectral function,

α(ω) =
∑
f

|〈f |
∑
i,j

λijc
†
icj + h.c.|g.s.〉|2δ(Egs + ~ω −Ef ),

(6)

where |f〉 and Ef are exact final many-body eigenstates
and eigenenergies of the system, and Egs is the ground
state energy of the system. In the absence of e-e interac-
tion, α(ω) exhibits a series of δ-peaks corresponding to
single particle excitations of the system. When e-e inter-
action is included, each single particle excitation becomes
a superposition of several exact many-body eigenstates.
The spectral function then displays many more absorption
peaks corresponding to many-body eigenstates that over-
lap with single particle excitations. A many-body eigen-
state can overlap several single particle excitations, which
then generate interfering contributions to its absorption
peak.

A significant simplification of the spectral function and
its relation to the concept of e-e scattering rate is obtained
by assuming that each many-body state |f〉 overlaps with
at most one single particle excitation, an approximation
equivalent to the reduction of the hierarchal tree into a
Cayley tree [4]. This approximation is valid when the in-
tra-generation matrix elements are negligible, or when the
single particle level spacing is much larger than the result-
ing e-e broadening. Within this approximation, the inten-
sity of peaks having significant overlap with a particu-
lar single-particle excitation c†i0cj0 |g.s.〉 is approximated
by |λi0j0 |2|〈f |c†i0cj0 |g.s.〉|

2. The relative intensity of all δ-
peaks |f〉 associated with this single particle excitation is
proportional to |〈f |c†i0cj0 |g.s.〉|

2.
Consider the time evolution of a system initially in a

state, |ψ(t = 0)〉 = c†i0cj0 |g.s.〉,

|ψ(t)〉 =
∑
f

eiEf t/~〈f |c†i0cj0 |g.s.〉|f〉. (7)

The e-e scattering rate is determined by the energy spread
of exact many-body eigenstates, |f〉, that participate in
the sum (7), provided there are many such states. These
many-body eigenstates are exactly those that generate the
absorption peaks associated with c†i0cj0 |g.s.〉 in the spec-
tral function. Thus, e-e scattering rate of a single particle
excitation is manifested in the energy width of the clus-
ter of absorption peaks associated with it in the spectral
function.

In a real experiment the resolution of the measur-
ing device is finite. The measured many-body spectrum
is smeared, so that each δ-peak in the spectral function

appears as a broadened peak. This broadening may have
a typical scale larger than the many-body level spacing.
In this case, the many-body eigenstates can no longer be
resolved in the spectrum. Then, a cluster of δ-peaks as-
sociated with a given single particle excitation appears
as a broad single particle resonance whose width is equal
to the inverse e-e lifetime of the excitation. Single parti-
cle resonances can be resolved as long as their broaden-
ing is smaller than the single particle level spacing. When
the broadening of single-particle resonances exceeds the
single-particle level spacing, the measured spectrum be-
comes essentially continuous.

3 E-e lifetime in atoms

Consider an atom composed of a fixed nucleus with charge
Z and N electrons. The full non-relativistic Hamiltonian
is given by,

H =
∑
i

(
p2
i

2m
− Ze2

ri
) +

∑
i6=j

e2

|ri − rj |
, (8)

where pi and ri are the momentum and position operators
of the electrons, respectively, m is the electron’s mass and
e is the electron’s charge.

E-e interaction has a significant effect on the atomic
eigenstates and eigenenergies as demonstrated in the nu-
merical calculations of a Cerium atom by Flambaum
et al. [3]. Consequently, e-e lifetime can not be calculated
using a non-interacting model and low order perturba-
tion theory in the e-e interaction. One may use low order
perturbation theory only if most of the e-e interaction is
included in the unperturbed Hamiltonian.

We consider the e-e lifetime of highly excited single
particle excitations (but still below the ionization thresh-
old1), for which the excited electron spends most of the
time in regions where the density of the other electrons
is exponentially small. The excited electron may then be
considered distinguishable from the other electrons. Thus,
the atom is divided into a distinguishable excited electron
and an ion containing all other electrons and the nucleus.
The Hilbert space is spanned by direct products of the
ionic states and the excited electron states.

The unperturbed Hamiltonian is given by,

H0 = Hion + he ; he =
p2

2m
+ Ve(r).

Hion is the full Hamiltonian of the ion, and he is the ef-
fective single particle Hamiltonian of the excited electron
which includes an effective potential Ve induced by the
nucleus and the spherically averaged ionic ground state
electron density. In regions exterior to the ionic electron

1 Excitations above the ionization threshold are coupled by
the free electromagnetic field to a continuous spectrum of
an ion and an unbound electron, leading to auto-ionization.
Auto-ionization processes dominate the e-e lifetime above the
threshold.
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density, the effective potential experienced by the excited
electron is simply Ve(r) ' −e2/r.

The perturbation Hamiltonian is,

Hint = e2

∫
dr′

δρ(r′)
|r− r′| (9)

δρ(r′) = ρ(r′)− 1
4π

∫
dΩ〈g.s|ρ(r′)|g.s.〉, (10)

where ρ(r′) is the density operator of the N − 1 electrons
of the ion, and δρ(r′) is its fluctuating part. |g.s〉 refers to
the ionic ground state, and r is the position operator of
the excited electron.

The golden rule is employed to calculate the e-e life-
time of such single particle excitations due to the residual
coupling, Hint. We first consider the relevant density of
states and the interaction matrix elements. The results
are then used to estimate the e-e lifetime.

3.1 Density of states of H0

The density of states of H0, G(E), is a convolution of the
density of states of the excited electron, ge(E), and the
density of states of the ion, gion(E),

G(E) =
∫

dε ge(ε)gion(E − ε), (11)

where all energies are measured relative to the ground
state.

The characteristics of G(E) vary considerably between
atoms. This is mainly due to gion(E) which strongly de-
pends on the number of valence electrons and the number
of available single particle states. The density of states
of the excited electron, ge(E), depends only weakly on
the specific atom under consideration; apart from the few
lowest levels, the spectrum is hydrogen-like in all atoms.
We discuss two limiting cases – alkali atoms character-
ized by a sparse spectrum in the vicinity of the ground
state, and complex atoms characterized by an exponen-
tially large density of states in that energy range.

Alkali atoms have a single valence electron in an s-
shell. All other electrons reside in closed shells with rel-
atively low single particle energies. Exciting an electron
from these inner shells has a large energy cost. Hence,
the ionic spectra are characterized by a large gap (nearly
∼ Ei) at the ground state.

Atoms with a few valence electrons are referred to as
complex atoms. Again, core electrons are ineffective in e-
e scattering, and only valence electrons contribute to the
level width of the excited electron states. Typically com-
plex atoms have several open shells with similar single
particle energies. As Z increases, these shells can acquire
large orbital momenta, and consequently large degeneracy.
The distribution of Nval−1 ionic valence electrons among
those Ns single particle states gives rise to ∼ NNval−1

s

many-body states of comparable energy, and to an aver-
age many-body level spacing,∆ ∼ N−(Nval−1)

s e2/a0. Thus,

the many-body density of states in complex atoms is ex-
ponentially large even in the vicinity of the ground state.
Generally e-e interaction (a) lifts most degeneracies pecu-
liar to the non-interacting spectrum, leading to a more ho-
mogeneous spectrum and (b) mixes Slater determinants,
so that exact eigenstates are superpositions of many Slater
determinants [3]. These effects enhance the density of final
states since the single particle selection rules are relaxed.

3.2 Interaction matrix elements

We consider matrix elements of Hint between the initial
excited state, |i〉 = |ni, li,mi〉|αi〉, and any final state,
|f〉 = |nf , lf ,mf〉|αf 〉. In our notation, |ni, li,mi〉 and
|nf , lf ,mf 〉 refer to the initial (hydrogen-like) and final
states of the excited electron2, respectively. Similarly, |αi〉
and |αf 〉 refer to the initial and final states of the ion. |αi〉
and |αf 〉 are exact eigenstates of the ion, so that |i〉 and
|f〉 are eigenstates of H0.

One can expand the interaction Hamiltonian, Hint, in
multipoles. Since the excited electron is practically exte-
rior to the atom this multipole expansion can be approx-
imated by,

Hint '
∞∑
k=0

k∑
mk=−k

1
2k + 1

1
rk+1

Yk,mk(θ, φ)

×
∫

dr′r′kδρ(r′)Y ∗k,mk(θ′, φ′).
(12)

The interaction Hamiltonian in this approximation is a
sum of terms acting separately on the excited electron and
on the ion. Equation (12) is essentially an expansion in the
ratio between the characteristic radius of δρ(r) (∼ a0) and
the average radius of the excited electron (∼ n2a0). This
ratio is small due to the large spatial extent of the ex-
cited electron, which follows directly from the softness of
the atomic confining potential at large distances. Roughly,
we expect the kth term in the sum to scale with n as
∼ 1/n2(k+1). Thus, high order terms in the expansion di-
minish quickly, and the dipole term (k = 1) is dominant
(unless it vanishes).

Calculation of the interaction matrix elements
in this approximation involves separate calcula-
tions of matrix elements for the excited electron,
〈ni, li,mi| 1

rk+1Yk,mk |nf , lf ,mf 〉, and for the ion,∫
dr′r′kY ∗k,mk(θ′, φ′)〈αi|δρ(r′)|αf 〉. The infinite sums

in (12) contain only few non-vanishing terms, due to
angular momenta selection rules3.

2 We do not specify explicitly the spin quantum number since
it is unaffected by the interaction.

3 The sum over mk reduces to a single term with mk =
mf − mi. As a result of parity conservation, the sum over k
has non-vanishing terms for either odd or even values of k (but
not for both). The k = 0 term (monopole) vanishes since it
is already included in H0. In addition k is upper bounded by
li + lf due to angular momenta addition rules for the excited
electron.
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Consider the dominant dipole term (k = 1). The ma-
trix element for the excited electron is given by,

〈ni, li,mi|
Y1,m

r2
|nf , lf ,mf 〉 (13)

=
2

e2a0

εi − εf
li(li + 1)− lf (lf + 1)

〈ni, li,mi|Y1,m|nf , lf ,mf 〉.

This term vanishes unless lf = li ± 1. For hydrogen-like
wavefunctions,

〈ni, li,mi|
Y1,m

r2
|nf , li ± 1,m−mi〉 (14)

' 1
a2

0

1
n3
i li
〈li,mi|Y1,m|li ± 1,m−mi〉

×
∫

dr uni,li(r)unf ,li±1(r),

where un,l are the radial wavefunctions. The overlap inte-
gral and hence the matrix element are strongly suppressed
as nf differs from ni.

Calculation of the ionic part of the interaction ma-
trix elements is notably more difficult, since it depends on
the ionic many-body wavefunctions. Due to parity conser-
vation, the diagonal matrix elements of the dipole term
vanish, so that it does not couple degenerate states. The
non-diagonal matrix elements are given by,∫

dr rY ∗1,m(θ, φ)〈αi|δρ(r)|αf 〉 (15)

= 〈αi|
∫

dr rY ∗1,m(θ, φ)ρ(r)|αf 〉 = 〈αi|d1
m|αf 〉,

where {d1
m}m=±1,0 is the tensorial representation of the

dipole operator, d =
∫

dr rρ(r).
The dipole operator can be expressed in terms of single

particle creation and annihilation operators,

d =
∑
i,j

dijc
†
i cj , (16)

where dij are the matrix elements of the single particle
dipole operator. This sum is conveniently decomposed as
follows,

d =
∑

i,j∈open shells

dijc
†
i cj +

∑
i or j∈core

dijc
†
icj . (17)

We define a projected dipole operator, dproj =∑
i,j∈open shells dijc

†
icj . Then,∑

f

|〈αf |d|αi〉|2 = 〈αi|d2
proj|αi〉, (18)

where the sum is restricted to final ionic states with no
core excitations. The last equation can be used to estimate
the average squared dipole matrix element appearing in
the golden rule,

|〈αf |d|αi〉|2 ∼
〈αi|d2

proj|αi〉
Ntot

, (19)

where Ntot is the number of final ionic states coupled by
the interaction to the initial state.

The diagonal matrix elements of dproj are given by,

〈αi|d2
proj|αi〉 =

∫
dr r2〈αi|ρproj(r)|αi〉 (20)

+
∫

dr dr′ r · r′〈αi|g(r, r′)|αi〉.

where ρproj =
∑
i,j∈open shells c

†
icj and g(r, r′) ≡ ρproj(r)

×ρproj(r′)− δ(r− r′)ρproj(r). The first term in (20) is due
to auto-correlation while the second reflects correlations
between different electrons. Since repulsive interaction
tends to keep valence electrons away from each other,
g(r, r′) < 0 for small |r − r′|. Furthermore, for |r − r′|
larger than the average distance between electrons,
g(r, r′) becomes very small. Consequently,

〈αi|d2
proj|αi〉 ∼ 〈αi|

∫
dr r2ρproj(r)|αi〉. (21)

This leads to the estimate,

|〈αf |d|αi〉|2 ∼
NvalR

2
val

Ntot
, (22)

where Rval is the average radius of valence electrons. The
number of valence electrons, as well as their average ra-
dius, vary from atom to atom.

Alternatively, 〈αi|d2
proj|αi〉 can be estimated using the

chaotic nature of the many-body eigenstates. |αi〉 are
decomposed into a sum of single Slater determinants,
|αi〉 =

∑
m∆m|δm〉, where ∆m ≡ 〈δm|αi〉. Following

Flambaum [3] it is assumed that |αi〉 are chaotic super-
positions, so the coefficients ∆m are random. The number
of significant components in the decomposition is denoted
by N , so that |∆m| ∼ 1√

N . Thus,

〈αi|d2
proj|αi〉 =

∑
m,n

∆∗m∆n〈δm|d2
proj|δn〉 (23)

=
∑
m

|∆m|2〈δm|d2
proj|δm〉

+
∑
m6=n

∆∗m∆n〈δm|d2
proj|δn〉.

It is easily shown that the matrix elements of d2
proj in a

basis of single Slater determinants are all O(Nval), where
Nval is the number of valence electrons. The first sum in
(23) is O(Nval), since it has N positive terms of order
1
NO(Nval). The second sum is of the same order, since it
is a random sum of N 2 terms of order 1

N O(Nval). This
point of view leads again to (22).

A rough estimate of the interaction matrix element,
taking into account the dominant dipole contribution (for
|i〉 and |f〉 satisfying the dipole selection rules), is obtained
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by combining (14) and (22),

|〈i|Hint|f〉|2 ∼
(

1
3

)2 ( 1
a2

0n
3
i li

)2
e4NvalR

2
val

Ntot
(24)

∼ 1
Ntot

(
e2

a0

)2
NvalR

2
val

10(n3
i li)2

,

for nf close to ni. The dependence upon the specific atom
under consideration comes from the ionic part of the ma-
trix element via Ntot, Nval and Rval. The dependence of
the matrix elements on the initial excitation energy is
mainly due to the excited electron. Since Ntot grows ex-
ponentially with Nval, the interaction matrix elements are
very small compared with the level spacing of the single
particle Hamiltonian, he.

3.3 E-e lifetime

3.3.1 Alkali atoms

Alkali atoms have a single valence electron (Nval = 1).
The ionic spectrum is characterized by a large gap (on
the order of the ionization energy) at the ground state,
due to the large energy cost associated with exciting core
electrons. The relevant density of states for scattering van-
ishes and no level broadening due to e-e interaction occurs.
Exact low lying many-body eigenstates can be identified
with particular single-particle excitations (i.e. there is a
large overlap . 1 between these two states). The number
of observable single particle excitations is very large, be-
cause the single particle spectrum becomes hydrogen-like
as the ionization threshold is approached.

The suppression of e-e broadening is characteristic of
systems with a gap at the Fermi level, and it persists to
excitation energies considerably larger than the gap. The
atomic system is unique in that the single particle spec-
trum becomes dense above the energy gap, so the number
of single particle excitations in alkali atoms for which e-e
broadening is suppressed is infinite in principle.

3.3.2 Complex atoms

We argued earlier that the density of states of ionic excita-
tions in complex atoms is exponentially large. The ques-
tion is whether this density of states is sufficient to in-
duce broadening of single particle excitations. The gen-
eral criteria for applying the golden rule is that the re-
sulting scattering rate, ~/τee ' |〈Hint〉|

2
Gfinal(E) (where

|〈Hint〉| is the average interaction matrix element and
Gfinal(E) is the relevant density of final states), is larger
than the level spacing of the relevant final unperturbed
states, 1/Gfinal(E). This requirement is equivalent to the
condition,

1
Gfinal(E)

< |〈Hint〉|. (25)

Gfinal(E) refers only to final states which are coupled to
the initial state by the interaction, and generally may be
considerably smaller than the full many-body density of
states. In our case, Gfinal(E) is smaller than the full many-
body density of states due to selection rules associated
with symmetry (for the dominant dipole term). Neverthe-
less,Gfinal(E) still grows exponentially with the number of
valence electrons Nval. Ntot is the number of accessible fi-
nal states, and the relevant density of states is roughly
given by Gfinal(E) ' Ntota0/e

2. We saw in the previ-
ous section that |〈Hint〉| ∝ 1/

√
Ntot. Since 1/Gfinal(E) ∝

1/Ntot, eventually for large enough Ntot, (25) is satisfied.
We conclude that for large enough Ntot, e-e interaction
leads to finite lifetime of single particle excitations.

The e-e lifetime of a single particle excitation |i〉 with
energy E, according to Fermi’s golden rule, is,

1
τee

=
2π
~

∑
nf ,lf ,mf

gion(E +
e2

2a0n2
f

)|〈i|Hint|f〉|2. (26)

Summation is restricted to final states of the excited elec-
tron, as we have averaged the interaction matrix elements
over the ionic states and correspondingly introduced the
ionic density of states. Taking into account dipole matrix
elements only (Eq. (24)), one obtains,

1
τee
∼ 2π
~

(
Ntota0

e2

)(
e4

Ntota2
0

NvalR
2
val

10(n3
i li)2

)
(27)

∼ 2π
~
e2

a0

NvalR
2
val

10(n3
i li)2

·

We note that Ntot has cancelled out of the final expres-
sion for τee

4. The single particle excitation spectrum is
hydrogen-like with Eni ∼ −e2/2a0n

2
i , so the single par-

ticle level spacing is ∝ 1/n3
i . For large enough ni, the

level spacing of the excited electron becomes smaller than
the level spacing of the ion. For such single particle exci-
tations, no e-e lifetime can be defined and (26) becomes
irrelevant.

The calculated e-e scattering rate depends on the spe-
cific atom through NvalR

2
val, which depends irregularly on

Z due to the shell structure. The number of valence elec-
trons in atoms is < 14, and the resulting e-e scattering
rates are much smaller than the single particle level spac-
ings.

One may consider atoms with larger Z. According
to the Thomas Fermi (TF) model (see Appendix A),
Nval ∝ Z1/3 for small Z, but it saturates to a constant
in the limit Z →∞. This yields e-e scattering rates which
are independent of Z in this limit. The TF model, how-
ever, ignores the shell structure. The shell structure sug-
gests that the largest open sub-shell in an atom may have

4 We note the analogy between our calculation and the calcu-
lation of the lifetime of an atomic level due to electron-photon
interaction in a box of volume V . There, the interaction matrix
elements are ∝ 1/

√
V , while the density of states is ∝ V . The

volume in this calculation plays a role similar to Ntot in our
calculation – for large enough volume, the golden rule is valid
and the resulting lifetime is independent of V .
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Z1/3 electrons, so the number of valence electrons fluctu-
ates, as a function of Z, between O(1) and O(Z1/3) elec-
trons. The average radius of the valence electrons, Rval,
also depends on Z. As the number of valence electrons in-
creases, we expect Rval to decrease because the screening
of the nucleus is less efficient. This tends to reduce the
fluctuations in NvalR

2
val as a function of Z. Thus, e-e scat-

tering rates in atoms fluctuate with Z. A small fraction
of atoms have O(Z1/3) valence electrons. For such atoms
the typical scattering rates increase as a function of Z
(1/τee ∝ Zα, α < 1/3), and eventually, for large enough
Z, become larger than the single particle level spacing. For
most atoms, however, the number of valence electrons is
small and the e-e scattering rates of single particle excita-
tions remain smaller than the single particle level spacing.

For a specific complex atom, the width of single parti-
cle excitations decreases as the excitation energy increases.
This decrease is a direct consequence of the soft atomic
potential at large distances (r � a0). A small increase in
the excitation energy amounts to a substantial increase of
the average radius of the excited electron. As a result, the
interaction matrix elements and therefore the e-e broad-
ening are significantly reduced.

4 E-e lifetime in quantum dots

In this section we review results of calculations of e-e life-
time in QDs. We distinguish between ballistic QDs, in
which the mean free path, l, is larger or equal to the lin-
ear dimension of the QD, L, and diffusive QDs, in which
l � L. In both cases the non-interacting ground state
is a filled Fermi sphere. Single particle excitations are
broadened by e-e interaction which induces scattering to
2-electron 1-hole excitations. In the ballistic regime, these
final states are restricted by momentum and energy con-
servation. In the diffusive regime, the constraint of mo-
mentum conservation is relaxed. The available phase space
for scattering increases, leading to larger e-e scattering
rates.

Single particle resonances can be observed as long as
their width, ~/τee, is smaller than the single particle level
spacing, δ. The e-e scattering rates are used to estimate
the number of resolvable single particle resonances. The
results show that e-e lifetime severely limits the number of
discrete single particle excitations in the measured spec-
trum of QDs in both the ballistic and the diffusive regimes.

The e-e lifetime in ballistic QDs is calculated in the
standard Fermi liquid model [2]. The resulting e-e lifetime
is given by5,

~
τee
' E2

εf
, (28)

where εf is the Fermi energy. The e-e scattering rates in-
crease with excitation energy and become comparable to

5 There is a logarithmic correction to this result in 2-D.

the single particle level spacing for E ∼
√
δ εf . The num-

ber of resolvable single particle excitations is therefore,

N '
√
εf
δ
'
√
N (29)

where N � 1 is the number of electrons in the QD.
The e-e lifetime of a single particle excitation in a dif-

fusive QD for E < Ec is given by [2],

~
τee
' 160δ

π

(
E

Ec

)2

(30)

where Ec = 4π2~D/L2 is the Thouless energy and D is
the diffusion coefficient. The number of resolvable single
particle excitations in this case is,

N ∼ Ec
δ

= g (31)

where g is the dimensionless conductance. This number
is typically very small (much smaller than

√
N levels ob-

tained in the ballistic case). This is consistent with the
experimental results of Sivan et al. [1].

5 Discussion

The e-e lifetime of single particle excitations in atoms be-
low the ionization threshold was estimated, and found to
be small relative to the single particle level spacing. E-e
interaction, hence, does not limit the number of observed
discrete single particle excitations. In practice, broadening
due to electron-photon interaction limits the number of
resolved single particle excitations. In QDs, experimental
and theoretical results indicate that e-e interaction limits
the number of discrete single particle excitations in both
the ballistic and the diffusive regimes. We also find that
e-e scattering rates in atoms decrease with excitation en-
ergy (below the ionization threshold), in contrast to QDs.

The profoundly different e-e scattering rates in atoms
and in QDs result from the different confining potentials.
In atoms, the potential is very soft at large distances,
∼ 1/r, while in QDs, it is characterized by sharper bound-
aries, ∼ r2. The confining potential determines the spatial
extent of the excited single particle wavefunctions as well
as the single particle spectrum. These properties have sub-
stantial influence on e-e scattering rates.

In QDs the confining potential generates a fairly uni-
form single particle spectrum in the vicinity of the Fermi
level. The single particle spectrum leads to a relevant den-
sity of states (in this case, the 2-electron 1-hole density of
states) which grows quadratically with excitation energy.
The resulting e-e scattering rates increase with excitation
energy. The spectrum consists of a small number of dis-
crete single particle resonances, beyond which the broad-
ening exceeds the single particle level spacing, and the
single particle resonances merge and form a continuous
spectrum.

In contrast, the Coulomb confining potential in atoms
produces a dense single particle excitation spectrum



318 The European Physical Journal B

as the ionization threshold is approached. The spatial ex-
tent of an excited electron’s wavefunction increases rapidly
with excitation energy. The interaction matrix elements
hence decrease with excitation energy leading to reduced
e-e scattering rates, which do limit the number of observed
discrete levels.

These results can be described using the Cayley tree
picture discussed earlier (2). In both atoms and QDs one
uses single electron measurement operators to probe the
many-body spectrum of the system. However the nature
of the excited states generated is different in these sys-
tems. Single particle excitations in atoms (below the ion-
ization threshold) are localized on the Cayley tree, while
in QDs nearly all single particle excitations correspond
to extended states. The number of resolvable single parti-
cle excitations in atoms is therefore much greater than in
QDs.
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Appendix A: Calculation of the number
of active electrons within the Thomas
Fermi model

Electrons that participate in scattering processes con-
tributing to the e-e lifetime of the excited electron are
referred to as active electrons. Since core electrons have
low single particle energies they can not participate in such
scattering, and the number of active electrons is equal to
the number of valence electrons. Within the TF model,
the number of active electrons, Nval, is estimated from
the single particle density of states.

The TF effective potential in a neutral atom, VTF, is
the solution of the TF equation,

d2V (r)
dr2

= −8
√

2
3π

1

ea
3/2
0

(µ− V (r))3/2, (32)

with V (r → 0) ∼ −Ze2r and V (r → ∞) → 0. Here, µ
is the chemical potential and a0 = ~2/me2 is the Bohr
radius. Using the TF potential, we can obtain the atomic
single particle density of states in the semi-classical ap-
proximation, gTF. Introducing explicit Z-dependence we
have,

gTF(ε, Z) = 2
(2m)3/2

π~3

∫ R(ε,Z)

0

r2
√

(ε− VTF(r, Z)) dr

(33)

where R(ε, Z) is the classically accessible radius given by
VTF(R(ε, Z), Z) = ε.

The ionization energy of the atom, which is the dif-
ference between the chemical potential of a neutral atom
(µ = 0) and that of an ion (N = Z−1), can be calculated
within the TF approximation. To lowest order in 1/Z, the
ionization energy is constant for all atoms and given by [5],

ETF
ion ≈ 0.109

e2

a0
· (34)

This result does not account for the irregular variation of
Eion as a function of Z arising from the shell structure.

According to our definition, the single particle energy
of active electrons has to be such that they can be excited
above the atomic Fermi level by an energy of order Eion.
Thus, the number of active electrons in the TF atom is
estimated by,

NTF
val (Z) =

∫ 0

−e2/a0

gTF(ε, Z)dε. (35)

We find that only a small number of electrons (� Z) are
active. The contribution of core electrons to NTF

val (Z) is
∼ Z−1/3, so for large atoms NTF

val is composed solely of
electrons from the outer shell (r � Z−1/3a0).

The results of numerical calculation of NTF
val (Z) show

that indeed NTF
val (Z)� Z. For naturally occurring atoms

(Z ∼ 100), NTF
val is found to be roughly proportional to

Z1/3. However, within the TF model, NTF
val (Z) does not

diverge as Z → ∞. Rather it is upper bounded6. Hence,
for large enough Z the number of active electrons in a TF
atom is constant, independent of Z. There are, however,
no real atoms with sufficiently large Z-values to check this
prediction experimentally.

For a particular atom, the actual number of active elec-
trons, Nval(Z), depends irregularly on Z due to the shell
structure. It isNval(Z) and notNTF

val (Z), which determines
the characteristics of the spectra of different atoms. Never-
theless, NTF

val (Z) gives a rough estimate for Nval(Z), and
leads us to the important observation that this number
is � Z.
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